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Abstract. We prove that for simple complex finite dimensional 
Lie algebras, affine Kac-Moody Lie algebras, the Virasoro algebra 
and the Heisenberg- Virasoro algebra, simple highest weight mod- 
ules are characterized by the property that all positive root ele- 
ments act on these modules locally nilpotently. We also show that 
this is not the case for higher rank Virasoro and for Heisenberg 
algebras. 
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1. Introduction 

Trying to classify all modules over some algebra A, one often faces 
the following recognition problem: given some (simple) module M one 
has to determine whether M belongs to the class of already known 
modules. A common situation is when the module M is not given 
explicitly but rather by some general construction which allows one to 
derive easily some rough properties of M but does not really allow to 
see subtle properties of specific elements. It is therefore useful to have 
simple general characterizations for known classes of A-modules. 

If A is the universal enveloping algebra of a Lie algebra with triangu- 
lar decompositions, then one of the most classical families of A-modules 
is formed by the so-called highest weight modules, see e.g. [32] for 
details and examples. The aim of the present note is to prove the fol- 
lowing main result which characterizes simple highest weight modules 
over certain Lie algebras with triangular decomposition. 

Theorem 1. Let q be one of the following complex Lie algebras with a 
fixed triangular decomposition g = n © f) © n + in the sense of [13] : 

(a) a semi- simple finite dimensional Lie algebra; 

(b) an affine Kac-Moody Lie algebra; 

(c) the Virasoro Lie algebra; 

(d) the Heisenberg-Virasoro Lie algebra. 
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Let V be a g-module (not necessarily weight) on which every root el- 
ement of the algebra n + acts locally nilpotently. Then we have the 
following: 

(i) The module V contains a nonzero vector v such that n + v = 0. 

(ii) IfV is simple, then V is a highest weight module. 

Note that the fact that every root element of the algebra n + acts lo- 
cally nilpotently on every highest weight module is obvious. The proof 
of Theorem [T]jl]) is essentially combinatorial and is given in Section [2j 
The proof of Theorem dtjn]) relies on irreducibility of generic Verma 
modules and occupies Section [3j In Section H] we show that for higher 
rank Virasoro and Heisenberg Lie algebras the claim of Theorem [1] is 
not true and discuss impossibility of certain natural relaxations of the 
conditions of the Theorem in general. 

2. Proof of Theorem [TTjil) 

We denote by N the set of positive integers. We prove Theorem [HP 
using a case- by-case analysis of the cases (jaj)-([d]). 

2.1. Case of finite dimensional Lie algebras. In this subsection, 
we assume that g is as in Theorem (Hjlj). In this case n + is finite 
dimensional and nilpotent. Hence there is a filtration 

n+ = n D m D ■ ■ ■ D n dimn+ = 

such that each rij is an ideal of rij_i of codimension 1, stable with 
respect to the adjoint action of f). We will use the backward induction 
on i to show that V contains a nonzero element annihilated by rij for all 
i = 0, 1, . . . , dim n + . Note that ridimn + is one- dimensional and generated 
by a root vector by our assumption on the filtration. Hence ridimn + acts 
locally nilpotently on V giving us the basis of our induction. 

To prove the induction step, let i > and v G V be such that 
t) / and tiiV — 0. Let X G rij_i \ rij be a root element. Then, by 
our assumptions, there exists a nonnegative integer m G N such that 
w = X m v ^ and X m+1 v = 0. 

We claim that xiiW = 0, in fact, we will prove that n^X 7 v = for all 
j = 0,1, ... ,m by induction on j. The basis j — of this induction 
follows from our assumptions. For the induction step for every Y G rij 
we compute: 

Y ■ X j+1 v = Y ■ X ■ X j v = X ■ Y ■ X j v + [Y, X] ■ X j v. 

In the latter expression, the first term is zero directly by induction, 
and the second term is zero by induction since [Y, X] G rij (as rij is an 
ideal of rij + i). The claim follows. 

We note that for the class of weight modules this problem was con- 
sidered and solved in [5]. 
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2.2. Case of affine Kac-Moody Lie algebras. In this subsection, 
g is an affine Kac-Moody Lie algebra. Let a be the indivisible positive 
imaginary root. Then Q a is finite dimensional, commutative, and acts 
locally nilpotently on V. Hence V contains a nonzero v such that 

QaV = 0. 

Now let (3 be a positive real root which cannot be written as a sum 
of some other positive real root and a positive imaginary root (we call 
such (3 elementary). If v = 0, then Q/3 + i a v = for all i 6 N. If 
^ 0, then Q a Qp v = for all i ^> by our assumptions. Using 
0a v — 0, we obtain 

g Q g/3 V = QpQ a V + [Q a , Qp] V = Qf} +a V 

and, similarly, g^g^ v = Qp + i a v. This implies that Qp + i a v = for all 
% ^> in both cases. Since the number of elementary positive real roots 
is finite, we have such a statement simultaneously and uniformly for 
all of them. 

Note that for any elementary root /3 the root —/3 + a is also ele- 
mentary. Then for every elementary (5 and for all i ^> all elements 
in [Q/3+ia, g_/3+ a +(i-i)a] annihilate t>. Such elements generate gfc a for 
all k ^> 0. The sum of all g^, fc 3> 0, and all g^+ja, i > 0, for all 
elementary roots /3, gives an ideal n of n + of finite codimension. We 
have nv = 0. The algebra n + /n is finite dimensional and nilpotent. 
The proof is now completed similarly to the case of finite dimensional 
g, see Subsection 12.11 

We note that for the class of weight modules this result can be easily 
deduced from [6]. 

2.3. Case of the Virasoro algebra. In this subsection, g is the Vi- 
rasoro algebra with basis {e, : i G Z} U {c}, where c is central and the 
rest of the Lie brackets is given for i,j e Z by 

(2-1) fe, ej] = (j - i)e i+j + 5 it _j—^-c. 

The algebras n± are spanned (over C) by the elements e±», % 6 M, 
respectively. 

As ei acts on V locally nilpotently, there is a nonzero v E V such 
that ei v = 0. If 62V = 0, then n + t> = as t\ and e2 generate n + . 
Assume w = e 2 v ^ 0. Then 

ei w = eie 2 f = e 2 ei v + [ex, e 2 ] v = e 3 v. 

Similarly one shows that, up to a nonzero scalar, the element e\ w 
coincides with e2+iV. As e\ acts on V locally nilpotently, it follows 
that there exists a positive integer n ^ 2 such that f = for all 
i > n. 

We now show that for every positive integer m there exists a nonzero 
u £ V such that it = for alH > m by a backward induction on m. 
If m ^ n, the claim follows from the previous paragraph. Let us prove 
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the induction step. Assume that 7^ u G V is such that v = for 
all i > m. li e m u = 0, the induction step is proved. Otherwise, for the 
vector 0^u':=e m ti and for any % > m we have 

since ej-u = by the inductive assumption and [ei,e m )u = by the 
inductive assumption as [e», e TO ] equals ej +m up to a nonzero scalar and 
i + m > m. Now the induction step follows from the fact that the 
action of e m on V is locally nilpotent. 

2.4. Case of the Heisenberg-Virasoro algebra. In this subsection, 
is the Heisenberg-Virasoro algebra (cf. [TJ) with basis {e^, z^ : % G Z}U 
{ci,c 2 ,c 3 }, where the q's are central and the rest of the Lie brackets 
is given for j,jeZ by 

■3 

[ei,Zj] = jzi+j -ij 2 5i-jC 2 ; 
[zi,Zj] = j6i-jc 3 

(here i is the imaginary unit). The algebras n± are spanned (over C) 
by the elements e±j and z±„ where i EN, respectively. 

From the already considered case of the Virasoro algebra we know 
that there is a nonzero v G V such that e« v = for all i G N. If 
Z\V = 0, then n+f = (as n + is generated by ei, e 2 and zi) and we 
are done. 

If z\ v 7^ 0, then ei u = implies (similarly to analogous arguments 
used several times above) that e\ ■ Z\ v equals Zi+\ v up to a nonzero 
scalar. Since e\ acts locally nilpotently, it follows that there exists 
m G N such that v — for i > m. For G N let rij denote the linear 
span of all e i: i G N, and all z i: i ^ k. Then n + = rii and each tij, 
% > 1, is an ideal of n i _ 1 of codimension one. Since we already know 
that n m v = 0, the proof is completed similarly to the case of finite 
dimensional q, see Subsection 12.11 

3. Proof of Theorem [TJjllJ) 

3.1. The idea of the proof. By Theorem [TJI]), the module V contains 
a nonzero element v such that n+v = 0. Hence there is a short exact 
sequence 

where M = U(g)/U(g)n+ is the universal Verma module (see [T7t 15]). 
We identify M with C7(n_ © P)) = U(xi-)® c U(t)) as a C/(n_ ©fj)-module 
and denote by v the canonical generator of M. This identification 
equips M with the structure of a right £/(f))-module, which commutes 
with the left £7($j)-module structure by the universal property of Verma 
modules. To prove Theorem [1] it is enough to show that V is a weight 
module. The latter is equivalent to the claim that the ideal / := 
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KnU(l)) of {7(f)) is maximal. This is what we are going to prove in the 
rest of this section. Note that the ideal I coincides with the annihilator 
in {7(f)) of the element </?(v). 

3.2. The action of {7(f)). Let A be the root system of g and ZA 
the additive subgroup of f)* spanned by A. Fix a basis in each root 
subspace of q and a corresponding PBW basis {ui : i G P} of t/(n_) 
(here P is just an indexing set). This PBW basis is a basis of M as a 
right (and as a left) {7(f))-module. 

For A G f)* denote by $a : {7(f)) — ► {7(f)) the automorphism given by 
<&\(h) = h + A(/i) for all /iff). We have = $_ A - A monomial 
Ui is said to have weight A G ZA provided that /it, = Ui$\(f) for all 
/ G For A G ZA we denote by Pa the (finite) set of all indexes 

i G P for which m has weight A. 

For a g-module iV and an ideal J <zU{\)) set 

Nj := {v E N : J v = 0}. 
Then, for any a G A and any nonzero root element X a we have 
(3.1) XaNjCN^Xj. 

Denote by J the set of all ideals in {7(f)) of the form <3>a J, A G ZA. 
Lemma 2. Lei N be a g-module. 

(a) The set {Annu(h\(v) : t> G iV, v ^ 0} contains an element J, maxi- 
mal with respect to inclusions. 

(b) The ideal J above is prime. 

(c) ///V zs simple, then N = ®j, e jNji. 

Proof. Claim (jaj) follows from the fact that {7(f)) is noetherian. Let 
v £ N be such that Ann^f,)^) = J. Assume that J is not prime and 
let x, y G {7(f)) \ J be such that G J. Then w := ?/t> is nonzero as 
y J, moreover, Ann^f,) (u>) D J as {7(f)) is commutative, and further 
Ann[/(f,)(u>) also contains x ^ J. This contradicts maximality of J, 
which implies claim (Jb|). 

If A is simple, it is generated by any nonzero element. Therefore, as 
all $A) A G ZA, are automorphisms, it follows that all corresponding 
ideals $a J are maximal in { Ann^) (v) : v G A^}. Now claim (jcj) follows 
from (EH]) . □ 

3.3. The action of the center. For u = J2i u ifi e M the set of 

all A G f)* for which there exists i G P\ such that /j 7^ is called the 
support of it and denoted supp(w). The element w is called homogeneous 
if |supp(w)| ^ 1. 

Recall the following classical result (see for example [121 Proof of 
Proposition 3.1], or [11, Theorem 4.2. l(i)] for full details, see also [JQ, 
2.6.5] for an alternative argument in the case of finite dimensional Lie 
algebras) : 
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Lemma 3. Any endomorphism of a simple module over a countably 
generated associative C-algebra is scalar. 

Denote by 3 C f) the center of g. Definition of g equips 3 with a 
standard basis (see [131 E])- As multiplication with central elements 
always define endomorphisms of a module, from Lemma [3] it follows 
that I fl U($) is a maximal ideal in U($). 

Note that for any homogeneous element u G M we have 

(3.2) U(t))u = uU(l)). 

Our aim is to show that the ideal K is generated by homogeneous 
elements. If we could show this, then (J372J) would imply that K is 
stable under the right multiplication with t/(h) and hence the latter 
must induce endomorphisms of V. Now Lemma |3] would imply that / 
must be maximal and we would be done. 

3.4. Reduction to Verma modules. By a similar argument as in the 
proof of Lemma [2]Jb]) we may assume that / is prime. Assume that K is 
not generated by homogeneous elements and let Kh be the submodule 
of K generated by all homogeneous elements (note that Kh D U(g)I). 
Let u G K \ Kh be an element such that supp(-u) has the minimal 
possible cardinality (note that |supp(w)| > 1). Then u = J2i u ifi an d 
for every A G supp(u) the element u\ := J2ieP x ^ ^ h ^ ^ ne 
minimality of supp(w). Without loss of generality we may also assume 
that whenever 7^ 0. 

As usual, for fi, v G f)* we write fi ^ v if v — fi can be written as a lin- 
ear combination of positive roots with nonnegative integer coefficients. 
Assume additionally that supp(w) contains a A which is maximal (with 
respect to :<) in the set of all possible elements of the support for all 
possible elements from K \ Kh with support of the minimal possible 
cardinality. Let /i ^ A be another element of supp(-u). By the maxi- 
mality of A, for every positive root a and for any root element X a in 
g a we get X a u G K h , in particular, X a u\ G K h for every A G supp(w). 

We have y(v) G Vj by our assumption. The element u\ is homoge- 
neous and does not belong to K h - Hence it does not belong to K either 
and thus u\ip(y) 7^ 0, which implies that u\ip{y) G V^-i/jn by (13. ip . 
On the other hand, mp(v) = 0, which implies that 

wa<^(v) = - U M V )- 

u£snpp(u)\{\} 

The annihilator in U{\)) of the element on the right hand side equals 

!^Gsupp(u)\{A} 

Therefore $^ 1 (J) = I' is a prime ideal. Since all are automorphisms, 
the ideals $^" 1 (J) and $~ 1 (J) have the same height and the same depth, 
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which implies = for all v G supp(?i) \ {A}. In particular, 

it follows that the ideal I is invariant under $A-/i fo r A / /j as fixed 
above. 

Let m be any maximal ideal of U(i)) containing /. Assume that m is 
given by A m G h*. Then U(o)m D U(q)I. Consider the Verma module 
M(A m ) := M/U(g)m with highest weight A m . Then K h + U(g)m is 
a submodule of M(A m ) and the intersection of this submodule with 
[/(h) equals m. Hence the corresponding quotient Q is nonzero. We 
may even choose m such that the images of the nonzero f^s in both 
u\ = J2ieP x an d u i>- = SieP M are nonzero ; which yields that 
the images of both u\ and in Q are nonzero. Then Q contains 
a nonzero primitive vector of weight A m + A and a nonzero primitive 
vector of weight A m + /i. By [131 2.11], existence of a primitive vector in 
Q implies existence of a primitive vector in M(A m ) of the same weight. 

3.5. Completion of the proof. As we have seen above, the ideal / 
is invariant under the action of $a-^- This implies that the ideal / is 
generated by its intersection with U(t)'), where h' consists of all h G f) 
such that (A — ^){h) = 0. Indeed, let h be a nonzero element from 
the complement of h' in h, which can be written as an integral linear 
combination of coroots. If / G I, then / — Q\_^(f) G / and the latter 
has a strictly smaller degree with respect to h. 

The last paragraph means that, when choosing m above, we are 
free to choose any eigenvalue of h (the only requirement is that it 
should not kill the images of the u\ and w M in Q, but this restriction 
means that a finite number of nonzero polynomials in h should not 
vanish). In particular, we can choose this eigenvalue to be a complex 
number, which is transcendental over the finite extension of Q given 
by adjoining eigenvalues of our fixed (finite) basis in 3. Then the usual 
structure theory of Verma modules (see [UEH13]) sa y s ^ na ^ reducibility 
and submodules of Verma modules are controlled by vanishing of the 
Shapovalov form (see [T5], [TJ [8] or [T3j 2.8]), whose determinant is given 
in terms of certain polynomials over h with rational coefficients. This 
means that in the case the eigenvalue of h is as chosen above, it is not 
possible for a Verma module to have nonzero eigenvectors of weights 
A m + A and A m + /i at the same time. The obtained contradiction 
completes the proof. 

4. Some (counter)examples 

4.1. Higher rank Virasoro algebras. Let G C 1R be a nontrivial 
additive subgroup, which is not isomorphic to Z, and Virc be the 
correspondent higher rank Virasoro algebra as in [16, 14] . It has basis 
{ei : i G G} U {c}, where c is central and the rest of the Lie brackets 
is given by (12. ip . The subalgebra n + and n_ are spanned by with 
i > and i < 0, respectively. Let M (0) be the Verma module over 
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(4.1) 



Vir G whose simple top L(0) is the trivial Vir G -module. Denote by K(0) 
the kernel of the canonical epimorphism M(0) — > L(0) (see [10J). In 
[7j it was shown that K(0) is simple. Clearly, every root vector of n + 
acts locally nilpotently on K(0). At the same time K(0) does not have 
any highest weight. Indeed, its support coincides with the set of all 
negative elements of G. As G ^ Z, G contains negative elements of 
arbitrarily small absolute value. This means that Theorem Q] does not 
hold for Virc- 

4.2. Heisenberg Lie algebra. The Heisenberg Lie algebra fj has ba- 
sis {zi : i G Z} and the Lie bracket is given by 

[zi, Zj) = j5i-jz . 

The subalgebras n + and n_ are spanned by with i > and i < 0, 
respectively. 

Consider the set 

I = {e = (ei,e 2 , ■ ■ .) : Ei eN;ei = 2 for all i > 0} 

and let V have basis {v £ : e G /}. For i 6 Z and e G / set 

V, ^ = 0; 

0, i > and e« = 1; 

% 1 ,...«_ 1 ,s 1 -i, 61+1 ,e 1+ a,...)> i > and £i > 1; 

K i £ -i v [ei,-,Si-i,£i+l,ei + i,e i+ 2,...)i i < 0. 

It is easy to check that this makes V into an fj-module. Further z^ v £ = 
0, i > 0, and hence such ^ acts on V locally nilpotently. 

We claim that V is simple. Assume that this is not the case and let 
W C V be a proper nonzero submodule. Let k G N be minimal such 
that W contains a nontrivial linear combination of basis elements with 
exactly k nonzero summands. Let u G V be such a combination. Note 
that V is clearly generated by any v £ and hence k > 1. Then there 
exists e,e' E I and « 6 N such that £j < e- and both f e and t> £ / appear 
in m with nonzero coefficients. This implies that u G W, on the one 
hand, is nonzero, but, on the other hand, contains less then k nonzero 
summands, a contradiction. 

At the same time, every nonzero vector of V generates an infinite- 
dimensional n + -submodule (applying Zj for i > 0). Hence Theorem [1] 
does not hold for Sj. 

Remark 4. The construction above admits a straightforward general- 
ization: for e G N N consider the set 

I e = {e = (ei, e 2 , ■ ■ ■ ) : Si G N; £j = ej for all i ^> 0} 

and define the fj-module structure on the vector spaces V e with ba- 
sis {v £ : e G I e } using (14. ip . Similarly to the above one shows that 
the module V e is simple. These modules generalize simple i^-modules 
constructed in [21 Section 6]. 
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A couple of months after the original version of this paper was pub- 
lished on the arxive, similar modules appeared in a more general con- 
text in [3]. 

4.3. Relaxing the conditions. One might wonder whether condi- 
tions of Theorem [TJ could be relaxed in some natural way (for example, 
by requiring the local nilpotency only for the generators of n + ). For 
instance, in the case of affine Lie algebras there are two types of roots, 
real and imaginary, and the algebra n + is generated by the real roots. It 
is therefore tempting to ask whether it would be enough in Theorem Q] 
to require that the action of all real root vectors is locally nilpotent. 
Unfortunately, this would affect the statement as the adjoint represen- 
tation gives rise to a simple non-highest weight module on which all 
real root vectors acts locally nilpotently. We do not know which class 
of simple modules is described by the conditions relaxed in this way. 



Acknowledgments 

The research was done during the visit of the first author to Wilfrid 
Laurier University in April 2011. The hospitality and financial support 
of Wilfrid Laurier University are gratefully acknowledged. The first 
author was partially supported by the Swedish Research Council. The 
second author was partially supported by NSERC. We thank the referee 
for helpful comments and suggestions. 

References 

[1] E. Arbarello, C. De Concini, V. Kac, C. Procesi; Moduli spaces of curves 

and representation theory. Comm. Math. Phys. 117 (1988), no. 1, 1-36. 
[2] V. Bekkert, G. Benkart, V. Futorny; Weight modules for Weyl algebras. 

Kac-Moody Lie algebras and related topics, Contemp. Math. 343, Amer. 

Math. Soc, Providence, RI, 2004, 17-42, 
[3] V. Bekkert, G. Benkart, V. Futorny, I. Kashuba; New Irreducible Modules 

for Heisenberg and Affine Lie Algebras. Preprint arxive: 1107.0893. 
[4] J. Dixmier; Enveloping algebras. Graduate Studies in Mathematics, 11. 

American Mathematical Society, Providence, RI, 1996. 
[5] S. Fernando; Lie algebra modules with finite-dimensional weight spaces. I. 

Trans. Amer. Math. Soc. 322 (1990), no. 2, 757-781. 
[6] V. Futorny; Representations of affine Lie algebras. Queen's Papers in Pure 

and Applied Mathematics, 106. Queen's University, Kingston, ON, 1997. 
[7] J. Hu, X. Wang, K. Zhao; Verma modules over generalized Virasoro alge- 
bras Vir[G]. J. Pure Appl. Algebra 177 (2003), no. 1, 61-69. 
[8] V. Kac, D. Kazhdan; Structure of representations with highest weight of 

infinite-dimensional Lie algebras. Adv. in Math. 34 (1979), no. 1, 97-108. 
[9] M. Kashiwara; The universal Verma module and the ^-function. Algebraic 

groups and related topics (Kyoto/Nagoya, 1983), 67-81, Adv. Stud. Pure 

Math., 6, North-Holland, Amsterdam, 1985. 
[10] V. Mazorchuk; Verma modules over generalized Witt algebras. Compositio 

Math. 115 (1999), no. 1, 21-35. 



10 



VOLODYMYR MAZORCHUK AND KAIMING ZHAO 



[11] V. Mazorchuk; Lectures on sl2(C)-modules. Imperial College Press, Lon- 
don, 2010. 

[12] J. McConnell; On the global and Krull dimensions of Weyl algebras over 
affine coefficient rings. J. London Math. Soc. (2) 29 (1984), no. 2, 249-253. 

[13] R. Moody, A. Pianzola; Lie algebras with triangular decompositions. Cana- 
dian Mathematical Society Series of Monographs and Advanced Texts. A 
Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1995. 

[14] J. Patera and H. Zassenhaus; The higher rank Virasoro algebras, Comm. 
Math. Phys. 136 (1991), 1-14. 

[15] N. Shapovalov; On bilinear form on the universal enveloping algebra of a 
complex semisimple Lie algebra. Functional Anal. Appl. 6 (1972), 307-312. 

[16] H. Zassenhaus; Uber Lie'sche Ringe mit Primzahlcharakteristik. Hamb. 
Abh. 13 (1939), 1-100. 

[17] D. Zhelobenko; S'-algebras and Verma modules over reductive Lie algebras. 
Dokl. Akad. Nauk SSSR 273 (1983), no. 4, 785-788. 



V.M.: Department of Mathematics, Uppsala University, Box 480, SE- 
751 06, Uppsala, Sweden; e-mail: mazor@math.uu.se 

K.Z.: Department of Mathematics, Wilfrid Laurier University, Water- 
loo, Ontario, N2L 3C5, Canada; and College of Mathematics and In- 
formation Science, Hebei Normal (Teachers) University, Shijiazhuang 
050016, Hebei, P. R. China, e-mail: kzhao@wlu.ca 



